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Modeling the Electrophoresis of Rigid Polyions: Application to Lysozyme
S. A. Allison and V. T. Tran
Department of Chemistry, Georgia State University, Atlanta, Georgia 30303 USA
ABSTRACT An algorithm is developed to determine the electrophoretic mobility of a rigid polyion modeled as a low dielectric
volume element of arbitrary shape containing an arbitrary charge distribution. The solvent is modeled as a high dielectric
continuum with salt distributed according to the linearized Poisson Boltzmann equation. Account is also taken of a Stern layer
that separates the molecular surface and the surface of hydrodynamic shear, or Stern surface. Relaxation of the ion atmosphere
because of the presence of the external field is ignored. The electrostatic and hydrodynamic problems are both solved by
boundary element methods. The procedure is first applied to spherical polyions containing monopolar, dipolar, and quadrupolar
charge distributions, and calculated mobilities are found to be in excellent agreement with the theory of Yoon and Kim. It is then
applied to lysozyme by using models that account for the detailed shape and charge distribution of the enzyme. For reasonable
choices of the molecular and Stern surfaces, calculated and experimental mobilities are found to be in fair agreement with each
other. However, if a pH independent Stern layer (or, equivalently, translational diffusion constant, Dt) is assumed, the calculated
mobilities exhibit a stronger pH dependence than is observed experimentally. A small increase in Dt with increasing pH could
correct this discrepancy.
INTRODUCTION
Electrophoresis has proved to be an invaluable technique in
the separation and characterization of polyions and colloids.
The original electrophoresis experiments were carried out
free in solution; hence the term "free solution electrophore-
sis." Because of convection problems caused by sample heat-
ing or vibration, these were difficult experiments to do and
have largely been superseded by gel electrophoresis. Al-
though gel electrophoresis has many advantages over the free
solution method, it is more difficult to make contact with
molecular models. One approach to determining free solu-
tion mobilities is to construct the Ferguson plot of mobility
versus gel concentration (Holmes and Stellwagen, 1991) and
extrapolate to zero gel concentration. Since the mid 1980's,
capillary electrophoresis has emerged as a powerful tech-
nique (Grossman, 1992) and can be carried out free in so-
lution or in a gel support medium. Because of the small linear
dimensions of the capillary tube, convection problems as-
sociated with the traditional free solution experiments are
largely eliminated. To date, determination of free solution
mobilities by the capillary method have been restricted to
smaller ions because of complications such as electroendoos-
mosis and the sticking of ions to the capillary walls. How-
ever, the technology of the method is in its infancy, and it is
likely that these problems will be overcome. In view of these
considerations coupled with recent developments in model-
ing the electrostatics and hydrodynamics of complex model
systems, now is an opportune time to reexamine the theory
of free solution electrophoresis.
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The theory of electrophoresis (see, for example, Hunter,
1987) dates from the pioneering works on thin (Smolu-
chowski, 1921) and thick (Huckel, 1924) double layers. It
was Henry (1931) who first provided a theory for the elec-
trophoresis of spherical polyions valid for double layers of
arbitrary thickness. In the Henry model, however, the charge
distribution within the sphere is assumed to be spherically
symmetric, and ion relaxation is ignored. Ion relaxation re-
fers to the distortion of the ion atmosphere as a result of the
action of the external electric field present. A number of
investigators (Overbeek, 1950; Booth, 1950; Wiersema et al.,
1966; O'Brien and White, 1978) have studied the effect of
ion relaxation on the electrophoretic mobility of spheres con-
taining a centrosymmetric charge distribution. In general,
whether ion relaxation is important in this case depends on
the polyion charge (or equivalently the electrostatic or "zeta"
potential on the polyion surface), the polyion size, the salt
concentration and the valency of its constituent ions, and the
mobility of the ions. Under most conditions, however, the
polyion charge is the most important factor. For a highly
charged polyion such as DNA, ion relaxation is likely to be
important (Schellman and Stigter, 1977), but for most pro-
teins that contain low net charges it may be unimportant.
Consider a "protein" modeled as a 2-nm-radius sphere at a
monovalent salt concentration of 0.1 M at 20°C containing
a central charge of ± 18.85q (where q is the protonic charge).
Ionic relaxation reduces the electrophoretic mobility of this
model protein by only 10%, and the effect decreases as the
magnitude of the net charge decreases. Inasmuch as most
proteins have net charges lower than this, ignoring relaxation
is likely to be an entirely reasonable approximation. Unlike
in the Henry model, however, proteins are not spherical and
their charge distributions are complex. The problem of an
arbitrary charge distribution in a spherical polyion without
ion relaxation was considered recently by Yoon (1991). The
additional approximation was made in this work that the ion
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atmosphere is distributed according to the linearized
Poisson-Boltzmann (PB) equation. Because the validity of
the linearized PB equation and the neglect of ion relaxation
are directly correlated with net polyion charge, these
two approximations are complementary. In addition to
spherical polyions, the electrophoresis of long cylinders
has been treated without (Henry, 1931) and with ion relax-
ation (Stigter, 1978). Yoon and Kim (1989) have deter-
mined the electrophoretic mobility of prolate and oblate el-
lipsoids at low uniform surface potential, where ion relax-
ation is ignored and the linear PB equation describes the
potential.
The objective of this work is to develop a method of de-
termining the electrophoretic mobility of rigid model poly-
ions of arbitrary shape and charge distribution. The polyion
is represented as a low dielectric volume element enclosed
by a "molecular surface" with dielectric constant ei imper-
meable to penetration by solvent and mobile ions. Outside
the molecular surface is the solvent characterized as a con-
tinuum with uniform dielectric constant E. The mobile ions
in the solvent are distributed according to the linearized PB
equation. Ion relaxation will be ignored and it will be as-
sumed that the external field is low enough that orientation
of the polyion by the electric field has no significant effect
on the polyion's mobility. Following the nomenclature of
colloid science (see, for example, Hunter, 1987, or Shaw,
1980), it is also convenient to define a Stern surface that
entirely encloses the molecular surface. Between the two
surfaces lies the Stern layer, which contains solvent and mo-
bile ions that move with the polyion as a rigid body. In the
next section, the procedure used to compute the electro-
phoretic mobility is described. Briefly, what is required is a
numerical solution of the linearized PB equation to obtain the
electrostatic potential by using the molecular surface and a
numerical solution of the Navier-Stokes equation by using
the Stern surface. Boundary element methods are used in
both cases. The procedure is then applied to some simple
model problems to verify the method, and finally to detailed
models of lysozyme based of the detailed charge distribution
and surface topography of the enzyme.
where q is the solvent viscosity, K and P are the translational
and rotational friction tensors, and M is a coupling tensor.
Superscript T denotes the transpose. The forces and torques
are computed as described below and the components of K,
M, and P are readily obtained by translating or rotating the
model polyion along or about a single axis. This is the same
strategy used to derive the orientationally averaged transla-
tional (Di) and rotational (Di) diffusion constants of model
polyions (Brune and Kim, 1993):
kB T
D = 3 Tr[K'],
kBT
Dr = 37 Tr[P'],
(3)
(4)
where Tr denotes the trace and mobility tensors K' and P' are
related to K, M, and P by
K' = (K - M p- 1 M)-1,
Pt = (P-M * K-1-.Mr)-,
(5)
(6)
where the superscript -1 represents an inverse.
In the transport 2 (T2) case, the polyion is held stationary
in constant external electric field e in an unbounded fluid.
As before, the fluid is stationary except for the disturbance
produced by the external field in the vicinity of the polyion
itself. The total force z(2) and torque t(2) are related
to e by
z(2) = 7Q) e,(7
(8)
As in the Ti case, the components of Q and R are readily
obtained from the force and torque components when the
external field is applied along particular directions.
Now consider a polyion in a particular orientation that is
translating under steady-state conditions with velocity u in
an external field e. This can be viewed as a superposition of
the Ti and T2 cases with a net force of zero. Solving for u
yields
t(2) = qR * e.
u = (K-1 . Q) e.
COMPUTATIONAL STRATEGY
To understand how an electrophoretic mobility is obtained
from a modeling study, it will be useful to follow the O'Brien
and White (1978) strategy of considering two distinct trans-
port cases. In the transport 1 (T1) case, no external electric
field e is present, and the single polyion is translated with
velocity u and rotated with angular velocity o in an un-
bounded fluid. Except for the disturbance produced by the
polyion itself, the fluid is stationary. The total force, z(1), and
torque, t(1), are related to u and o by (Brenner, 1963; Kim
and Karrila, 1991)
z(l) =-qK * u-7 *to,(1)
Provided that e is sufficiently small that the orientation of the
polyion is negligible, we can average Eq. 9 over all possible
orientations, which leads directly to the electrophoretic mo-
bility ,u:
u 1
IL= e = 3-Tr[K-1 * Q]. (10)
To determine the mobility, one must first determine K and
Q, which requires calculation of the total force on the poly-
ion.
The total force can be written as a sum of hydrodynamic,
Zh, and electrostatic, Ze, components (Allison and Nambi,
1992, 1994):
Z Zh +z±e, (11)
(9)
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In the Ti case, the jth component of the total force is
simply
Zh =- h(y)dSy- -E hAj,
Js
Ze = s(y)dV< E SkVk
k
(12)
(13)
In relation 12 the surface stress forces per unit area, h(y), are
integrated over the surface of the polyion. The polyion sur-
face is broken up into N planar triangular surfaces, and the
assumption is made that h is uniform over each triangular
surface. The values of hj are obtained by solving the Navier-
Stokes equation by the boundary integral equation method
discussed below. In relation 13, s(y) is the external force per
unit volume on the fluid, and the volume integral extends
over the fluid surrounding the polyion. Similar to the hy-
drodynamic force, the volume is broken up into discrete el-
ements, and s is assumed to be uniform within each element.
The corresponding quantities for the total torques on the
polyion are obtained by replacing h and s under the integrals
in relations 12 and 13 with y X h and y X s, respectively.
The external force s is related to the electrostatic potential
and the charge density p by
s(y) = -p(y) VW(y). (14)
It will prove convenient to write as the sum of the elec-
trostatic potential that is due to the polyion itself in the ab-
sence of an external field, (P, and that which is due to the
external field, Pe. Because ion relaxation is ignored in this
work, the charge density is just the equilibrium charge dis-
tribution po, which is related to 4so by the Boltzmann distri-
bution. Thus we can write
Zj(l) = u ZhOz.
In the T2 case, it is straightforward to show that
zj(2) = [v(j)(y) ij] se(y)dVy,
where ij is the unit vector in the j direction.
BOUNDARY ELEMENT METHODS FOR
ELECTROSTATICS AND HYDRODYNAMICS
(17)
(18)
For both electrostatic and hydrodynamic calculations,
boundary element (BE) methods are particularly convenient
in the present application. As discussed above, the polyion
surface is subdivided intoN triangular platelets, as illustrated
in Fig. 1. How these structures are generated is discussed
below. In addition to the constancy of the hydrodynamic
stress force over any platelet, it is further assumed that the
electrostatic potential and its normal derivative are constant
as well. The electrostatic problem will be considered first.
Because the BE approach to electrostatics is well described
elsewhere (Yoon and Lenhoff, 1990; Juffer et al., 1991;
Zhou, 1993), the following discussion will be kept brief.
The polyion is assumed to be rigid and to have an arbitrary
shape as depicted in Fig. 1. The interior of the polyion con-
tains an arbitrary charge distribution and a uniform dielectric
s(y) = -P0(Y)[V40(Y) VPe(y)] = so(y) + Se(Y). (15)
In the absence of an external field, ze(1) must vanish, which
shows that so makes no net contribution to transport in either
the case 1 or the case 2 situation. As calculating translational
or rotational diffusion constants involve only the Ti case and
as se vanishes in this situation, external forces do not con-
tribute to these transport properties. In the T2 case, however,
se produces a nonvanishing Ze(2), and these external forces
have to be accounted for.
It is possible to solve for the total forces in terms of the
transport of the corresponding uncharged polyion by using
the Teubner (1982) relation given by Eq. 16,
Zhj U ZhO + vo)(y) - s(y)dV,Zhj h yv (16)
where Zhj is the jth component of the hydrodynamic force on
the polyion, v(j)(y) is the fluid velocity at y that is due to
translation of the equivalent uncharged polyion translating
with unit velocity in the j direction, and z(i) is the hydrody-
namic force on the uncharged polyion translating with unit
velocity along j.
FIGURE 1 Model surface for lysozyme. The enzyme is represented as
512 triangular plates derived from the crystal structure. The assumption is
made that electrostatic potentials, the normal derivative of the electrostatic
potential, and hydrodynamic stress forces are constant over the surface of
each platelet.
where
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constant ei. The interior is assumed to be impermeable to
penetration by salt and mobile ions. The surrounding fluid
has uniform dielectric constant E0, and the mobile ions are
distributed according to the linearized PB equation. Under
these conditions, it is possible to express the electrostatic
potential anywhere in space given the charge distribution, the
surface topography, and electrostatic potential and its normal
derivative over the polyion surface (Yoon and Lenhoff,
1990; Juffer et al., 1991; Zhou, 1993). For our purposes, it
is convenient to divide the electrostatic problem into the cal-
culation of 40 (electrostatic potential in the absence of the
external electric field) and 4e (electrostatic potential due to
the external field) separately. Following the notation of Zhou
(1993), let fo denote the 1 X N column vector where the
components represent 40 on a particular platelet. Similarly,
let go denote a 1 X N column vector with
1g)=E (aq ) E~ J,p (19)ininside /an outside
where the derivatives are outward normal derivatives taken
in the limit of a field point approaching the surface from the
interior or exterior of the polyion. Let yj denote a reference
position vector on platelet j. Making use of Green's second
identity and the singular solutions of the Poisson and lin-
earized PB equations, it can be shown (Zhou, 1993) that
1 1 1
fo = -V + A * fo +-C * go,
(20)
1 1
-2 fo = B * fo +-D * gO,
where v is a 1 X N column vector of vacuum potentials that
are due to the array of point charges distributed inside the
polyion and A, B, C, and D are N X N matrices:
p qk
Vj = E
k-i yj - rkl
Ajk = I,(yj, k, 0),
Bjk = I1(yj, k, K), (21)
C7k = I2(yj, k, 0),
Djk = I2(Yj, k, K).
Above, p is the number of polyion charges and the kth charge
of magnitude qk is located at position rk. Also, K iS the
Debye-Huckel screening parameter and I1 and I2 are surface
integrals over particular platelets. Let y be some arbitrary
field point and Sk the surface of platelet k. Then
II (y, k, K) = J 3 n' * xdS'
Sk
where x = y' - y, y' is some surface point, x = x I, and
n' is the surface unit normal at y' pointing outward from the
polyion surface into the solvent. In this work, I, and I2 are
solved by an iterative method in which the platelets are bro-
ken up into a mesh of smaller triangles and the integral ap-
proximated by a discrete sum over the integrand evaluated
at the center of the smaller triangles. The surface is broken
up into successively finer meshes until the approximate
integral converges to within a predefined tolerance level
(I 1 - Ioldnew 10-3 in this work).
Equation 20 can be formulated as a 2N X 2N matrix prob-
lem that can be inverted to yield fo and go. The potential 4)
at any field point y in the solvent region is given by
q00(y)1= y,k, K) +fOkIl(Y, k, K)1 (23)
The charge density at the level of the linear PB equation is
-2q2no0o(y)/kBT, where q = 4.8 X 10`o esu, no is the mono-
valent salt concentration far from the polyion, and kBT is
Boltzmann's constant times absolute temperature.
The electrostatic potential that is due to the external field,
4e(Y), must be handled slightly differently because it does not
vanish far from the polyion. This part of the problem involves
solving for the electrostatic potential around the low dielec-
tric polyion in the absence of fixed and mobile charges sub-
ject to the boundary condition 4e(Y) = -e * y as y goes
to infinity. Using the terminology of Eqs. 20 but letting fe and
ge refer to the 1 X N column vectors of the external field
problem, it can be shown that
1 1
- f = A * fe + C - ge,2e ~~~E.
(24)
1 1
--2f + f =A *fe
where fj = -yj * e represents the electrostatic potential at yj
in the absence of a dielectric discontinuity at the polyion
surface. The matrices A and C are the same as before, and
it is straightforward to invert a 2N X 2N matrix and obtain
fe and ge. To calculate the external force se(y) given by Eq.
15 we actually need the gradient of 4e evaluated in the sol-
vent region. This is given by
N 1eVy, ke(Y) = -e - I: ~-H2(y, k) +fekH, (y, k)~,
k=l w h
where
(25)
H2(y,k)= 47--d
Sk
(26)
H1 (y, k) = r [3(n' . x)x - x2 n']dS'
Sk
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and x = y' - y (see Eqs. 22). The surface integrals Hi and
H2 are evaluated in the same iterative matter that is used to
evaluate I, and I2. Some care must be taken when y is very
close to some particular platelet (call it k') on the molecular
surface. It is straightforward to show that the term in brackets
on the right-hand side of Eq. 25 that is due to k' has a leading
component that is normal to the k' surface. In this situation
the approximation is made:
V7(e(y) = [Vy7;(e(Y)]' + nk -e k [Vy4e(y)] 1,
(27)
where [VqPe(y)]' represents the contribution of Eq. 25 of all
terms excluding the k = k' term.
The hydrodynamic problem is solved in a matter entirely
analogous to the solution of the electrostatic problem (La-
dyzhenskaya, 1963; Youngren and Acrivos, 1975; Kim and
Karrila, 1991; Allison and Nambi, 1992). Use is made of the
singular solution of the Navier-Stokes equation coupled with
Green's theorem. Given a rigid polyion translating with ve-
locity v(y') = u + o X y' (u and o are constant translational
and rotational velocity vectors and y' is some point on the
polyion surface) through an incompressible liquid that is at
rest far from the polyion, it can be shown that the fluid ve-
locity at y is
v(y) J- U(x, y) - h(x)dSx
U(x, y) * s(x)dVx, (28)
where S and V refer to the polyion surface and surrounding
fluid, respectively, h and s are the surface stress and external
forces, and (given r = y - x, r = Ir)
1 r1rjU(x, Y) = V8iirr[ + R(x, y)], (R(x, y))ij = r (29)
In Eq. 29, rj is the solvent viscosity and I is the 3 X 3
identity matrix. Breaking up the surface into N platelets
and the surrounding volume into M volume elements
yields for Eq. 28
N M
v(y) = Y Ej(y) - hj + a G,(y) * s,k
j=l k=l
TEST CASES: SPHERICAL POLYIONS
Once the polyion is defined, external forces and stress forces
are computed following the procedures of the previous sec-
tion. Then, following the section on Computational Strategy,
the total forces on the polyion, the K and Q tensors, and
finally the electrophoretic mobility are determined. As a first
test case, consider a spherical polyion of radius a = 2.03 nm
with a net charge of 12.8q (q is the protonic charge) at a
monovalent salt concentration of 0.15 M at 0°C. The interior/
exterior dielectric constants are taken to be 2 and 78, re-
spectively. In the numerical study, the tesselation procedure
of Pakdel and Kim (1989) is used to represent the sphere as
a geodesic surface of 128 triangular platelets as shown in Fig.
2. The distance from the origin to the center of each platelet
is about 2.03 nm. From Ti transport calculations using this
structure, Dt and Dr agree with the known analytical values
to within 1%. An electrophoretic mobility of 8.95 X 10-5
cm2/V s is obtained from the BE numerical procedure, which
is in excellent agreement with the analytical value of 8.91 X
10-5 cm2/V s predicted by Henry's (1931) equations. A more
stringent test of the electrostatic model is a spherical polyion
containing a pure dipole. The sphere is centered at the origin,
and charges of -12.8q and + 12.8q are placed at positions (in
nanometers) (-1.53,0,0) and (+ 1.53,0,0) respectively. The
BE mobility turns out to be approximately a factor of 103
times smaller than for the monopole charge case considered
previously; in other words, it is negligible. This is consistent
with the theory of Yoon (1991), which predicts that only the
monopole and quadrupole moments contribute to the elec-
trophoretic mobility. Furthermore, the Yoon theory predicts
that the contribution of the quadrupole moment vanishes
when an isotropic average over all possible orientations is
taken. As a third test case, consider a sphere with a quadru-
(30)
where Ei and Gk are surface and volume integrals of U
over elementsj and k, respectively. At the polyion surface
(y = y'), we know v(y) from the stick boundary condi-
tions. Inasmuch as sk is known from prior solution of the
electrostatic problem, the only unknowns in Eq. 30 are the
values of hj, and these can be solved by Gauss-Seidel
iteration (Allison and Nambi, 1992). In general, the sur-
face used in the electrostatic calculation (molecular sur-
face) is different from that used in hydrodynamics (Stern
layer). This point will be discussed in the application to
lysozyme.
FIGURE 2 Model sphere for test cases. The spherical polyion is repre-
sented as 128 triangular plates.
Allison and Tran 2265
Biophysical Journal
polar charge distribution with charges -6.4q, + 12.8q, and
-6.4q placed at (-1.53, 0, 0), (0, 0, 0), and (+1.53, 0, 0),
respectively. The BE procedure and the theory of Yoon yield
,u = 2.016 X 10' and 2.045 X 10- cm2/V s, respectively,
for translation in the x direction. Also, the BE procedure
gives (g)y or Z -0.5(p.)X, as predicted by Yoon. For spherical
polyions, the BE method is yielding correct mobilities.
LYSOZYME
Hen eggwhite lysozyme is an excellent enzyme for modeling
purposes because it has been so thoroughly studied. It con-
sists of 129 amino acid residues and has a molecular weight
of 14,800 gm/mol. Diffusion constants (Dubin et al., 1967,
1971; Kuntz and Kauzmann, 1974; Squire and Himmel,
1979) and electrophoretic mobilities (Beychok and Warner,
1959) are available. In addition, the pK values of the charged
residues are known (Kuramitsu and Hamaguchi, 1980), so
the charge state of the enzyme can be predicted with con-
siderable accuracy over a broad pH range. As lysozyme is
known to dimerize above a pH of -6 (Sophianopoulos and
Van Holde, 1964), we shall concentrate on the mobility in the
pH range 2-6.
The translational diffusion constant of lysozyme measured
by light scattering varies from 10.6 X 10-7 (Dubin et al.,
1971) and 11.3 X 10-7 cm2/s (Dubin et al., 1967; Squire and
Himmell, 1979) corrected to 20°C. A consensus value of 11.1
X 10-7 cm2/s reported by Kuntz and Kauzmann (1974) falls
within this range. Although Dt is reasonably well known,
there is some uncertainty in its value. It is unclear whether
some of this uncertainty could be due to differences in so-
lution conditions (pH or salt). Because the value of 10.6 X
10-7 cm2/s reported in the latter light scattering study (Dubin
et al., 1971) were carried out under conditions (T = 20°C,
0.10 M salt, pH = 4) that were similar to those employed in
the electrophoresis experiments of Beychok and Warner
(1959) (T = 0°C, 0.15 M salt, pH = 1.5-5.9) this value of
Dt along with the consensus value of 11.1 X 10-7 cm2/s will
be used in the modeling studies. As the electrophoresis ex-
periments were done at 0°C, the diffusions constants are
scaled by T/-q, which reduces Dt from its value at 20°C by
a multiplicative factor of 0.5214.
In the detailed model studies, account will be taken of the
protein shape and charge distribution. To understand better
how the surfaces depicted in Fig. 1 are generated, consider
Fig. 3. Associated with each triangular platelet are three ver-
tex vectors denoted by the dashed arrows that radiate outward
from some convenient origin. In the case of lysozyme, we
have the coordinates of the nonhydrogen atoms from the
Brookhaven Protein Databank (61yz.brk), and the origin is
taken to be the center of mass. Associate with each nonhy-
drogen atom an "exclusion radius" cr. In general, or can vary
from atom to atom, but in this study we shall assume a uni-
form value. How far out one has to go before the vertex
vector no longer falls within any exclusion sphere defines the
endpoint of the vertex vector. To begin, we start with six
vertex vectors that produce a roughly octahedral surface con-
Surface Generation
0
FIGURE 3 Schematic of the surface generation procedure. An exclusion
radius cr is associated with each nonhydrogen atom of the crystal structure.
Three vertex vectors (denoted by the dashed arrows) define a single platelet
on the polyion surface.
sisting of eight platelets. This structure will be referred to as
the starting octahedron. The midpoint of each edge of each
platelet is then taken as the direction of a new vertex vector.
The endpoint of the new vertex vector is found in the same
manner as that of the original vectors. Basically, each of the
original platelets is replaced by a mesh of four new ones that
conform more accurately to the actual shape of the macro-
molecule. This simple mesh refinement procedure helps to
prevent the formation of slender triangles with long edges
that are unsuitable in BE methods (Brune and Kim, 1993).
Proceeding along these lines, surfaces consisting of 8, 32,
128, 512, etc. platelets can be constructed. We shall restrict
ourselves to 128 and 512 platelets in this work.
The most straightforward way of defining the Stern sur-
face is to determine which uniform exclusion radius o,r pro-
duces a structure with the correct Dt. One starts with a trial
as and constructs the Stern surface. Then a Ti calculation is
carried out to determine the resistance tensors, K, M, and P
according to Eqs. 1 and 2. From Eqs. 3-6 it is straightforward
to calculate Dt corresponding to this structure. Several it-
erations lead to a model structure with a as that corresponds
to Dt known experimentally.
Shown in Fig. 4 are experimental (filled squares), Henry
(+), and BE detailed model (diamonds) mobilities plotted
versus pH. A diffusion constant of 10.6 X 10' cm2/s (20°C)
is used to define the hydrodynamic radius used in the Henry
model (a = 2.03 nm) and the exclusion radius in the BE
models (N = 128, Ec =2, Eo = 78, cr, = 0.45 nm). From the
pK values of Kuramitsu and Hamaguchi (1980), the total
charge Q of lysozyme (in protonic units) is estimated to be
16.79, 13.96, 12.80, 10.23, and 8.98 at pH = 2, 3, 4, 5, 6,
respectively. Fractional charges derived from these pK's are
placed at the crystallographic coordinates of all charged resi-
dues in the BE model studies. It is clear from this figure that
both the Henry model, which treats the polyion as a sphere
with a centrosymmetric charge distribution, and the BE
Volume 68 June 19952266
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FIGURE 4 Henry and BE mobilities versus pH. Comparison of Henry
(+) and BE (O) models for D,(20'C) = 10.6 x 10- cm2/s. In the BE model,
N = 128 and no Stem layer is included. Experimental mobilities of Beychok
and Warner (1959) are also shown (U).
model, which accounts more accurately for the shape and
charge distribution, predict nearly the same electrophoretic
mobility. The calculations substantially overestimate the mo-
bility at low pH but approach the correct value at a pH of -6.
Similar results are shown in Fig. 5, except that a diffusion
constant of 11.1 X 10' cm2/s (20°C) is used to define the
hydrodynamic radius in the Henry model (a = 1.93 nm) and
the exclusion radius in the BE models (N = 128, as = 0.39
nm). The discrepancy between calculated and experimental
mobilities is actually greater in Fig. 5.
In the cases represented in Figs. 4 and 5, no distinction has
been made between the molecular surface and the Stern sur-
face. As shown below, how one treats the Stern layer or, more
precisely, the layer of solvent and mobile ions near the mac-
romolecular surface, has a significant effect on calculated
mobilities. Teller et al. (1979) and Venable and Pastor (1988)
have carried out detailed bead model studies (Garcia de la
Torre and Bloomfield (1981) of the diffusion constants of
several proteins. They found that it is necessary to include
a hydration shell of tightly bound solvent to get agreement
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FIGURE 5 Henry and BE mobilities versus pH. Similar to Fig. 4, except
that D,(20'C) = 11.1 X 10-7 cm2/s.
between calculated and experimental diffusion constants. In
the present work, a a. in the range of 0.35-0.48 nm is also
consistent with a partial layer of bound waters because a
value of -0.30 nm (the sum of the van der Waal radii of a
non-H protein atom plus water) is a more reasonable value
for the exclusion radius oa corresponding to the actual mo-
lecular surface. It has been known for a long time that water
in the immediate vicinity of a protein has properties that are
very different from that ofwater free in solution. The reviews
by Kuntz and Kauzmann (1974) and Rupley and Careri
(1991) discuss this in depth. Specifically, NMR experiments
on lysozyme (reviewed by Careri, 1991) show that surface
waters are substantially less mobile than bulk waters. Mo-
lecular dynamics simulations on lysozyme (Brooks and Kar-
plus, 1989) and bovine pancreatic trypsin inhibitor (Levitt
and Sharon, 1988) confirm this. The molecular dynamics
studies go on to show that waters near charged and apolar
protein residues are less mobile than those near polar resi-
dues. In what follows, we shall model the fluid around ly-
sozyme in terms of molecular and Stern surfaces with a Stern
layer between. In this model, the assumption is made that the
solvent and the ions within the Stern layer are immobile
relative to the macromolecule. The NMR and molecular dy-
namics studies show that this Stern layer modeling approach
is a simplification of the actual properties of the solvent and
"mobile" ions near the protein surface. Nonetheless, it does
account in an approximate way for the reduced mobility of
the solvent/ions near the protein surface. Given the other
assumptions of this work (rigid protein, two dielectric model,
and use of the linearized PB equation to estimate electrostatic
potentials and charge densities in the solvent and the Stern
layer region), this seems entirely reasonable.
Fig. 6 shows experimental mobilities (squares) along with
BE results (N = 128, a = 0.30 nm). In the case of the
diamonds, as = 0.39 nm (which yields D,(20'C) = 11.1 X
10-7 cm2/s), and in the case of the crosses; a-, = 0.45 nm
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FIGURE 6 Experimental and BE mobilities (Stern layer included). *,
Experimental mobilities. For the BE results, O and + correspond to values
of o,, chosen to give D,(20°C) = 11.1 x 10-7 and 10.6 x 10' cm2/s, re-
spectively. In the BE models; N = 128, ei = 2, o- = 0.30 nm, and the 101
crystallographic waters have been included in generating the molecular and
the Stern surfaces.
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(which yields D,(20'C) = 10.6 X 10- cm2/s). Including a
Stern layer reduces the calculated mobilities and brings them
into better agreement with experiment. Holding other vari-
ables (including os) constant and increasing the volume of
the Stern layer by reducing oa reduces the absolute value of
the mobility because the absolute value of the net polyion
charge plus the charge contained in the Stem layer is lower
than the absolute value of the net polyion charge itself. Ex-
cept at pH = 2, the calculated and experimental mobilities
are seen to be in fair agreement with each other for physically
reasonable choices of or and o-r. In Fig. 6 the 101 waters
present in the crystal structure have been included in cal-
culating both the Stem and molecular surfaces. Including
these waters in the generation of the molecular surface makes
the volume occupied by those waters unavailable for pen-
etration by mobile ions. Also, as we are using a dielectric
constant of 2 for the interior domain of the molecular surface,
the electrostatic potential and field are also affected. As pre-
dicted by O'Brien and White (1978), however, the interior
dielectric constant is observed to have very little effect on
electrophoretic mobility. Because of this, differences in ,u
arising from inclusion or exclusion of bound waters can be
attributed to differences in ion accessible surfaces. Fig. 7 is
very similar to Fig. 6 with N = 128 and ar = 0.30 nm. How-
ever, the 101 waters have been left out of the calculation of
both the Stern and the molecular surfaces. Somewhat larger
values of as 0.46 and 0.52 nm) are required for values of Dt
of 11.1 X 10-7 and 10.6 X 10-7 cm2/s in this case. Leaving
the 101 waters out of the molecular surface, but including
them in the Stern surface (same values of as as in Fig. 6) give
results nearly identical to those of Fig. 7. The important dif-
ference between the models used in Figs. 6 and 7 is the larger
volume of the Stem layer in the latter case and the larger
magnitude of the net counterion charge within this volume.
This explains the lower mobilities seen in Fig. 7. Leaving out
the 101 crystallographic waters yields mobilities in better
agreement with experiment at low pH, but this does not work
so well at higher pH. In the remainder of this work, the 101
crystallographic waters will be included in generating the
molecular and the Stem surfaces. Including a Stem layer of
0.15 nm in the Henry model (linear PB) reduces the calcu-
lated mobilities by 15% and also brings the mobilities of that
simple model into better agreement with experiment. How-
ever, the Henry model by itself cannot assess the importance
of polyion shape and charge distribution on mobility.
Other factors that also may affect ,u in the BE modeling
procedure are the number of surfaces used to generate the
molecular and the Stern surfaces, N, as well as the orientation
of the "starting octahedron" relative to the crystal structure
coordinates. The diamonds in Fig. 8 correspond to the dia-
monds in Fig. 6 (N = 128, o- = 0.30 nm, o-s = 0.39 nm), and
the squares to experimental mobilities. The crosses corre-
spond toN = 512,o- = 0.30 nm, and a, = 0.37 nm. A choice
of as = 0.37 yields D,(20'C) = 11.1 X 10-7 cm2/s. Increasing
the number of surfaces from 128 to 512 results in a small
reduction in mobility. In the limit of large N, the mobility is
expected to become independent of N, and that limit has
almost been reached by N = 128. Another criterion that can
be used to assess how accurately the triangulated surface
conforms to the actual "surface" of the structure is to rotate
the starting octahedron, thereby generating an entirely dif-
ferent triangulated surface. For sufficiently large N, the mo-
bility should become independent of the orientation of the
starting octahedron. The triangles in Fig. 8 are for a model
very similar to that shown by the crosses; except that the
starting octahedron has first been rotated 450 about the z axis
and then by 45° about the intermediate y axis. As expected,
,t for both the rotated and nonrotated starting structures is in
good agreement. In a related study, the interior dielectric
constant was taken to be 20 instead of 2, but other conditions
were identical to those of the crosses in Fig. 8. The calculated
mobilities are slightly lower than the crosses in Fig. 8 and to
a good approximation are coincident with the triangles. Evi-
dently, the interior dielectric constant has only a small effect
on electrophoretic mobility.
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FIGURE 7 Experimental and BE mobilities (Stem layer included). Simi-
lar to Fig. 6, except that the 101 crystallographic waters have not been
included in generating the molecular surfaces.
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FIGURE 8 Experimental and BE mobilities (N = 128 and N = 512). *,
Experimental mobilities by squares. All BE studies have o = 0.30 nm and
oa chosen to yield D,(20'C) = 11.1 X 10-7 cm2/s. O and + correspond to
N = 128 and N = 512, respectively. O also correspond to N = 512, except
that the starting structure is different, as discussed in the text.
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One feature of all the BE models considered so far is that
they overestimate the dependence of mobility on pH. The
problem is probably not due to inaccuracies in the charge
state of lysozyme because the pK's of the residues are well
known (Kuramitsu and Hamaguchi (1980). Even though the
values ofpK have largely been determined at 250C and those
of the g at 0C, the ionization enthalpies of Asp 52 and Glu
35 are nearly zero (Kuramitsu et al., 1977), so we expect pK
to have only a small temperature dependence. Although a
large dependence ofpK on the salt concentration is expected,
most pK determinations have been carried out at 0.10 molar
monovalent salt, which is close to the 0.15 M salt employed
in the mobility studies considered in this work. A factor that
could account for the weaker than expected dependence of
mobility on pH is a pH-dependent D, (or a.o). As Figs. 5 and
6 show, a small difference in Dt can translate into large dif-
ferences in pt. Inasmuch as the net charge on lysozyme in-
creases as pH decreases and water mobility is reduced more
in the vicinity of a charged residue than a polar one (Brooks
and Karplus, 1989), reducing the pH of lysozyme could be
accompanied by a slight increase in effective or (or a de-
crease in DA). Shown in Fig. 9, superimposed on the experi-
mental mobilities (squares), are BE mobilities for different
o-r. The curves from top to bottom correspond to o-r = 0.37
(solid curve), 0.395, 0.42 (dotted curve), 0.45, and 0.48 nm.
In the BE models, N = 512, Ei = 2, a = 0.30 nm, and the
starting structure is unrotated. The values of Dt(200C) that
correspond to these values of as are 11.06 X 10-7, 10.84 X
10-7, 10.66 X 10-7, and 10.23 X 10-7 cm2/s, respectively. A
cr- of 0.48 nm reproduces ,u at pH = 2, but a lower value,
in the range 0.42-0.45 nm is most consistent in the pH range
of 3-4. Near a pH of 5 and 6, a a, of 0.38 nm appears ap-
propriate. In summary, a small decrease in Dt with increasing
pH could account for the dependence of ,u on pH. A sys-
tematic study of Dt versus pH for hen egg lysozyme, which,
to the best of our knowledge has not been carried out, would
be of considerable value in addressing this issue.
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FIGURE 9 Effect of o-, on ,. Experimental mobilities () and BE mo-
bilities (N = 512, a = 0.30 nm, curves). From top to bottom: solid curve,
as= 0.37 nm; short-dashed curve, os = 0.395 nm; dotted curve, o, = 0.42
nm; long-dashed curve, cr8 = 0.45 nm; dashed-dotted curve, oS = 0.48 nm.
SUMMARY
In this work, a numerical algorithm has been developed to
calculate the electrophoretic mobility of rigid model polyions
in the absence of ion relaxation. The polyion is treated as a
low dielectric volume element of arbitrary shape and charge
distribution and the surrounding solvent as a dielectric and
hydrodynamic continuum. Boundary element methods are
used to solve the linearized Poisson-Boltzmann and Navier-
Stokes equations. The electrophoretic mobility is obtained
from the total electrostatic and hydrodynamic forces on a
translating polyion in a constant external electric field. We
have tested the algorithm by applying it to spherical polyions
with different charge distributions. It is then applied to de-
tailed models of lysozyme derived from the crystal structure
of the enzyme.
The electrophoretic mobility is sensitive to the properties
of the solvent and ion distribution in the immediate vicinity
of the polyion surface. In the modeling studies carried out
here, this is reflected in the sensitivity of the calculated mo-
bilities with the definition of the Stern layer, as demonstrated
in Fig. 4-6. Although the inclusion of a Stern layer in the
model is a simplification of the actual problem, it does ac-
count in an approximate way for the limited mobility of sol-
vent and ions near the polyion surface. It would be straight-
forward to treat more complex models such as the use of
different Stern exclusion radii for charged, polar, and apolar
residues. However, given the assumptions already inherent
in the model, such refinements seem unwarranted at this
time. In comparing Figs. 6 and 7, it is also evident that the
distribution of solvent ions within the Stern layer influences
the electrophoretic mobility in a significant way. Further re-
finements in modeling the electrophoresis should address not
only questions concerning the solvent near the polyion sur-
face but the distribution of the solvent ions as well. These
refinements are beyond the scope of the present work. For
the present, we can simply say that the present model yields
mobilities in fair agreement with experiment for reasonable
choices of the molecular and Stern surfaces. However, this
agreement is only qualitative because of model limitations.
As discussed at the end of the last section, the stronger than
expected dependence of mobility with pH can possibly be
attributed to a pH-dependent translational diffusion constant.
Finally, mobilities are found to be fairly insensitive to the
choice of the interior dielectric constant as predicted by
O'Brien and White (1978). It is hoped that this work will
stimulate further experimental and theoretical studies of free
solution electrophoresis of macromolecules.
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